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Nonlinear Dynamics, Fractals, and Chaos Theory: 
Implications for Neuroautonomic Heart Rate Control in Health and Disease 
by Ary L. Goldberger  
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Figure 1. Two heart rate time series, one from a healthy subject (top) and the other from a 
patient with severe congestive heart failure (CHF) (middle) have nearly identical means and 
variances (bottom), yet very different dynamics. Note that according to classical physiological 
paradigms based on homeostasis, neuroautonomic control systems should be designed to damp 
out noise and settle down to a constant equilibrium-like state. However, the healthy heartbeat 
displays highly complex, apparently unpredictable fluctuations even under steady-state 
conditions. In contrast, the heart rate pattern from the subject with heart failure shows slow, 
periodic oscillations that correlate with Cheyne-Stokes breathing.  
 
 
 



 3

�O^S_ X ^$V$R$U&f�d
f�Y[V$e]f�icY[Z$VSe]R$\$^$X YOp$b$VSQ$acY[Z$V]Q$p$Y[T$p$Yc� �tX fgW
QD^$YOUKQ$_ _ VDb]h$dgYOZ$R$YcQ$a$YOZ$VSX ^$T$p$Yc� �
R$W�W
Q$UKb$X ^D\]Y[Q]f�X eST$_ VSV$o$p$R$Y[X Q$^$fnX ^SY[Z$V]a[R$eSX _ X R$U&aOQ$UKe l���jkV$_ _ �K�
^$Q$jk^SV$u�R$e]TD_ V]Q$a
f
pDW
ZSRSU(V$_ R$YOX QD^$f
Z$X T]X fg�gZ$eS� fn_ R$jk�c���-�[}�jkZ$V$UKV�YOZ$V�`�Q$_ Y[R$\$VS�K���&X ^�R�W
X U(W�p$X Y$jkX _ _�`
R$UKdg_ X ^$V$R$UK_ d
jkX YOZSW�p$UKUKV$^$Yc�K�O�KicT$UKQ$`�X b$V$bSYOZDV]UKV$f�X f�YOR$^$W�VS�K}k�tX fgZ$V$_ bSW
Q$^$f�Y[R$^$YOl$P&jkQ]W�V$^$Y[UKR$_�aOV$R$Y[p$UKV$fnQ$a
_ X ^$V$R$U&f
d�f�Y[V$e]fgR$U(V R$^$b lc��U(QDT$Q$UKYOX Q$^$R$_ X YOdge]V$R$^DfnYOZ$RDYcYOZ$V
Q$p$YOT$pDYch$V$R$UKfnRSf
Y[UKR$X \$Z$Y[_ X ^$VSUKV$_ R$Y[X Q$^$f�Z$X TSYOQSYOZ$VSX ^$T$p$Y[lc��p$T$V$UKT$Q$f�X YOX Q$^]UKV$a[V$UKfnY[Q]Y[Z$V]a[R$W�YcYOZDR$Y
YOZ$VSh$V$Z$R$`�X Q$U&Q$ac_ X ^$V$R$U&f�d
f�Y[V$e]fgW
Q$eST$Q$f�V$bSQ$ace]pD_ YOX TD_ V]W�Q$eST$Q$^$V$^$Y[fnW�R$^]h$VSa[p$_ _ d
p$^$b$V$UKf�YOQ$Q$bSR$^$bST$UKV$b$X W�YOV$bSh$dnb$X f
f�V$W�YOX ^$\]Q$p$Y$YOZ$V$f�VSW
Q$eST$Q$^$V$^$Y[fnR$^$bSa[X \$p$UKX ^$\SQ$p$YcYOZ$VDX U
X ^$b$X `�X b$p$R$_�X ^$T$pDYO�KQ$p$Y[T$p$YcUKV$_ R$Y[X Q$^$f�Z$X T$f�lcP&Z$VSQ$`�V$UKR$_ _�Q$p$YOT$pDYcjkX _ _�f�X e]T$_ dnh$VSR]f�p$eSe]R$Y[X Q$^SQ$a
YOZ$V$f�VSW�Q$^$f
Y[X Y[p$V$^$YcT$R$UKY[f
lcP�Z$V]W�Q$eST$Q$^$V$^$Y[fnQ$acRS_ X ^$V$R$U&f�d
f�Y[V$eq_ X Y[V$UKR$_ _ dg��R$b$b]p$T$���tY[Z$V$UKVSR$UKV
^$Q]f�p$UKT$UKX f�V$fnQ$U&R$^$Q$eSR$_ Q$p$fnh$V$Z$RD`
X Q$U(f�l
�O^SW�Q$^$YOUKR$f�Y[icV$`�V$^]f�X eST$_ VS^$Q$^$_ X ^$V$R$U&f�d
f�Y[V$e]fg`
X Q$_ R$Y[V]Y[Z$V]T$UKX ^DW
X T$_ V$fnQ$acT$UKQ$T$Q$UKY[X Q$^$R$_ X YOdgR$^$b
f
pDT$V$UKT$Q$f
X YOX Q$^$ls�g^SV$u�R$e]T$_ V]Q$acRSb$V$W�V$T$Y[X `�V$_ dnW�Q$eST$_ V$un^$Q$^$_ X ^$V$R$UtVDo$p$R$YOX QD^]X f i
UKV$aOV$UKUKV$bSYOQSR$fnY[Z$V X ^]T$Q$TDp$_ R$YOX Q$^]h$X Q$_ Q$\$dn�K�$�KlcP�Z$V]^$Q$^$_ X ^$V$R$UKX Y[dnQ$acY[Z$X f
V$o$p$R$Y[X Q$^$icjkZ$X W�ZSb$V$f
W�UKX h$V$fgR]T$R$UKR$h$Q$_ R$icR$UKX f�V$fna[UKQ$eqYOZ$VSo$p$R$b$UKR$Y[X Wn� �tY[V$UKe]l$wkZ$R$^$\$V$fnX ^
YOZ$VSQ$p$Y[T$p$YcR$fnRSaOp$^DW
Y[X Q$^SQ$acf�V$o$p$V$^$Y[X R$_�YOX eSVSf
Y[V$T$fnW�R$^Sh$V]UKV$R$b$X _ dnT$_ QDYOY[V$b]h$dgR]a[V$V$b$h$R$W��
T$UKQ$W
VDb$p$U(VSX ^SjkZ$X W�ZSYOZ$VSW�p$U(UKV$^$Y$`
R$_ p$V]Q$acY[Z$VSQ$p$YOT$pDYch$V$W�Q$e]V$fgYOZ$VS^$V$u�Yc`�R$_ p$VSQ$acYOZ$VSX ^$T$p$Y[i
R$^$b]f�QSQ$^$lc�[YOV$UKR$Y[X Q$^SQ$acYOZ$VSf�X eST$_ V$�KX ^$�KaOQDU(e|_ Q$\$X f�YOX WnV$o$p$R$Y[X Q$^SU(VD`
V$R$_ fnb$d�^$R$e]X W
fgYOZ$R$Y$R$U(V
V$u�YOUKR$Q$UKb$X ^$R$UKX _ dnW�Q$e]T$_ V$u
�$b$V$T$V$^$b$X ^$\SQ$^]Y[Z$VS`
RD_ p$V]Q$a$YOZ$VSf�X ^$\$_ VST$R$UKR$e]V$Y[V$UKi icY[Z$V]f�R$eSV
V$o$p$R$Y[X Q$^]W�R$^S\$V$^$V$UKR$Y[V]f�YOVDR$b$dnf�YOR$Y[V$f�icUKV$\$p$_ R$U&Q$f
W�X _ _ R$YOX Q$^$f
i$Q$UtZ$X \$Z$_ dnV$UKUKR$YOX Wnh$V$Z$R$`�X Q$U&�(�$i
�$�KlcP&Z$p$f�ica[Q$Ut^$Q$^$_ X ^$V$R$Utf�d�f�YOV$eSf�icT$UKQ$T$Q$UKYOX QD^$R$_ X Y[dnb$Q$V$fn^$QDYcZ$Q$_ b$�cf�eSR$_ _�W
Z$R$^$\DV$fnW�R$^]Z$R$`�V
b$UKR$e]R$Y[X WnRD^$b]p$^$R$^$Y[X W�X T$R$Y[V$bSV$aOa[V$W�YOf�l���^]R$b$b$VDb]W�Q$eST$_ X W�R$YOX Q$^]X fnYOZ$RDYc^$Q$^$_ X ^$V$R$U&f�d
f�Y[V$e]f
W
QDe]T$Q$f�V$bSQ$aceSp$_ YOX T$_ V]f�p$h$p$^$X YOfnW�R$^$^$QDYch$V]p$^$bDV$U(f�Y[Q$Q$b]hDdnR$^$R$_ d���X ^$\SYOZ$V$f�VSW
QDe]T$Q$^$V$^$Y[f
X ^$b$X `�X b$p$R$_ _ d�lcP&Z$X fgU(VDb$p$W
Y[X Q$^$X f�Ycf�Y[UKR$YOV$\$dgaOR$X _ fnh$V$W�R$p$f�V]Y[Z$VSW
Q$eST$Q$^$V$^$Y[fnQ$acRS^$Q$^$_ X ^$V$R$U
^$V$YOjkQ$UK�gX ^$YOV$UKR$W�Y[icX l[V$lOicY[Z$V$dnR$UKVSW�Q$p$T$_ V$b$lc��u�R$e]T$_ V$fnX ^$W�_ p$b$VSY[Z$V]��W�UKQ$f�f
�KY[R$_ ���BQ$a$T$R$W
VDe]R$��V$U
W
VD_ _ fnX ^SY[Z$V]Z$V$R$UKYcQDUt^$V$p$UKQ$^$fnX ^]Y[Z$VSh$U(RDX ^$lcP&Z$V$X Ut^$Q$^$_ X ^$V$R$UtW�Q$p$T$_ X ^$\]\$V$^$V$UKR$Y[V$fnh$V$Z$RD`
X QDU(f
YOZ$R$Y$b$V$aOdgV$u
T$_ R$^$R$YOX Q$^]p$f�X ^$\SYOUKR$b$X YOX Q$^DR$_
�K_ X ^$V$R$UK�teSQ$b$V$_ fn� y�X \$lc� �Kl���fnRSUKV$f
p$_ YOicY[Z$V$dneSR$d
V$u�Z$X h$X Ych$V$Z$R$`�X Q$U&YOZ$RDYcX fnW�Z$R$UKR$W�YOV$UKX f�Y[X WnQ$ac^$QD^$_ X ^$V$R$U&f
d�f�YOVDe]f�icf�p$W�Z]R$fgf
V$_ aO�Kf�p$f�YOR$X ^$VDb$i
T$V$UKX Q$b$X Wgj{RD`
V$fg�KV$lO\$l[ic`�V$^$YOUKX W�p$_ R$U&YORDW
Z$d�W�R$UKb$X R$�&�( $i$¡$�(�$R$h$UKp$T$YcW�Z$R$^$\$V$fn�KV$l[\$lOicf�p$b$b$V$^SQ$^$f�V$Y
Q$acRSf
V$X �
p$UKV$�&�K¢$�tR$^$b$icT$Q$f�f�X h$_ d�icW�Z$R$Q$fg�(f�V$VSh$V$_ Q$jk�Kl P�R$h$_ V£z \$X `�V$fgR]eSQ$UKV]W�Q$eST$_ V$Y[V$ich$p$Y
^$Q$YcV$u�Z$R$p$f�YOX `�VS_ X f�YcQ$ac^$Q$^$_ X ^$V$R$UteSV$W�Z$R$^$X f�eSfnjkX Y[Z]T$Q$Y[V$^$Y[X R$_�UKV$_ V$`�R$^$W�V]Y[Q]h$X Q$_ Q$\$dnR$^$b
e]V$b$X W
X ^$V]�¤zs�K�$ic $�¤zs�$�Kl



 4

Figure 2. Examples of nonlinear dynamics of the heartbeat. Panels (a-c) are from subjects with 
obstructive sleep apnea syndrome. Panels (d and e) are from healthy subjects at high altitude 
(~15,000 ft).
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Figure 3. Left, schematic of a tree-like fractal has self-similar branchings such that the small 
scale (magnified) structure resembles the large scale form. Right, a fractal process such as heart 
rate regulation generates fluctuations on different time scales (temporal "magnifications") that 
are statistically self-similar. (Adapted from Goldberger AL. Non-linear dynamics for clinicians: 
chaos theory, fractals, and complexity at the bedside. Lancet 1996;347:1312-1314.)  
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Figure 4. Breakdown of a fractal physiological control mechanism can lead ultimately either to a 
highly periodic output dominated by a single scale or to uncorrelated randomness. The top heart 
rate time series is from a healthy subject; bottom left is from a subject with heart failure; and 
bottom right from a subject with atrial fibrillation. (Adapted from Goldberger AL. Non-linear 
dynamics for clinicians: chaos theory, fractals, and complexity at the bedside. Lancet 
1996;347:1312-1314.)  



 11 



 12 



 13 

• automated detection of the onset and end of pathologic low frequency (<.10 Hz) heart 
rate oscillations (Figs 1, 2 and 4) (43, 52-59);  

• detection of subtle ST-T alternans (17, 51);  
• detection of a breakdown in fractal scaling with disease and aging (43); and  
• quantification of differences or changes in the nonlinear complexity or dimension of a 

physiological time series (59, 60).  
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Table 1 
Nonlinear Mechanisms and Manifestations 

1. Abrupt Changes (10)  

Bifurcations (1, 9)  
Intermittency / Bursting (9, 10)  
Bistability; Multistability (11)  
Phase transitions  

2. Hysteresis (12)  
3. Nonlinear Oscillations (1, 2)  

Limit cycles  
Phase resetting  
Entrainment  
Pacemaker annihilation  

4. Fractals (2, 3)  

Scale-invariance  
Long-range correlations  
Self-organized criticality  
Diffusion limited aggregation  

5. Alternans (9)  
6. Nonlinear waves: spiral; scroll (6, 7)  
7. Complex periodic cycles; quasiperiodicities (13)  
8. Stochastic resonance (14)  
9. Time irreversibility  
10. Chaos  
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An expanded and updated version of this material appears in:  

Bolis CL, Licinio J, eds. The Autonomic Nervous System. Geneva: World 
Health Organization, 1999.  
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